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Essentially Nonoscillatory Finite Volume Scheme for
Electromagnetic Scattering by Thin Dielectric Coatings
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Indian Institute of Technology, Bombay, Mumbai 400 076, India

A high-resolution method in the form of the essentially nonoscillatory scheme is used to solve Maxwell’s equations
in the time domain in a finite volume time-domain framework. This formulation is used to predict the radar cross
section of perfectly conducting scatterers coated with a very thin layer of lossy or nonlossy dielectric. A direct
formulation is used in which the Maxwell’s equations are solved in freespace, as well as in the dielectric layer,
without any special treatment. Traditionally, the prediction of scattering from very thin dielectric layers without
special treatment is known to incur numerical instabilities. Results are presented for the sphere and cone sphere
with perfectly conducting surfaces coated with a very thin layer of lossy and nonlossy dielectric.

Nomenclature
a1 = radius of coated sphere
a2 = radius of uncoated sphere
B = magnetic induction
Bx , By, Bz = components of magnetic induction
D = electric field displacement
Dx , Dy, Dz = components of electric field displacement
E = electric field vector
Ex , Ey, Ez = components of electric field vector
F = flux vector
f , g, h = flux vectors in Cartesian coordinate directions
H = magnetic field vector
Hx , Hy, Hz = components of magnetic field vector
Ji = impressed current density vector
j = imaginary unit
k = incident electromagnetic wave number
n̂ = unit surface normal
S = stencil
S = entire source term contribution

from incident field
S = surface domain of integration
s = source term vector
t = thickness of dielectric coating
u = state vector
V = volume domain of integration
x, y, z = Cartesian coordinates
ε = electric permittivity
εr = complex relative permittivity
λ = wavelength
µ = magnetic permeability
µr = complex relative permeability
ρ = equivalent magnetic resistivity
σ = electrical conductivity
ω = angular frequency

Subscripts

j = cell index
m = cell face
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num = numerical flux contribution
t = partial derivative with respect to t
x, y, z = partial derivative with respect to x, y, z

Superscripts

i = incident field
s = scattered field
′ = real part
′′ = imaginary part
˜ = volume average
¯ = numerical flux function

Introduction

I N recent times, there has been an increasing trend toward
solving Maxwell’s equations in the time domain by the

use of characteristic-based finite volume time-domain (FVTD)
techniques.1−4 The main advantage of FVTD techniques lies in their
ability to handle (in principle) complex geometries with different
material properties for the whole range of frequencies within a uni-
fied framework. The main disadvantage is the requirement of large
computing resources, especially at large electrical sizes. The time-
domain Maxwell’s equations may be posed as a set of hyperbolic
conservation laws when written in total field form. Characteristic-
based numerical techniques are well known to model hyperbolic
conservation laws accurately, especially when field discontinuities
are involved.

In aircraft structures, there is an increasing tendency to use com-
posite materials due to structural considerations. Low observability
requirements often require aircraft to be coated with radar-absorbing
materials (RAM) to absorb electromagnetic waves. Aircraft also in-
corporate radar-transparent structures or partially transparent struc-
tures for radome construction that are often combined with back-
ground absorbers for low-observability requirements. Thus, radar
cross section predictions involving radar absorbing materials and
structures become a crucial element of computational electromag-
netics capability.

The algorithm used to solve the time-domain Maxwell’s equa-
tions in the present study is based on the essentially nonoscillatory
(ENO) scheme,5,6 originally developed to solve hyperbolic con-
servation laws in the form of the Euler equations of gasdynamics.
The ENO scheme has been very successfully applied to the nu-
merical solution of the Euler and Navier–Stokes equations.7 The
ENO scheme has the dual capacity for higher-order accuracy and
nonoscillatory resolution of discontinuities in the solution. Thus, the
ENO scheme is particularly attractive for the resolution of a gas-
dynamic flowfield containing both strong shocks and rich smooth
region structures. The ENO methodology has also been successfully
used in more varied fields, including relativistic hydrodynamics and
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semiconductor device simulation.7 In the present study, we extend
this methodology to the numerical solution of the Maxwell’s equa-
tions in the time domain. Given the inherent features of the ENO
methodology (uniformly high-order accurate, but ENO interpola-
tion for piecewise smooth function), a time-domain Maxwell solver
based on the ENO methodology could be an attractive choice with
which to model computational electromagnetics (CEM) problems
involving rapid changes in material properties, presence of resis-
tance and material cards, presence of cracks and sharp corners, and,
in general, in dealing with field discontinuities.

In the present work, we extend the ENO methodology to solve
for electromagnetic scattering from canonical shapes having per-
fectly conducting surfaces coated with a very thin layer of lossy
and nonlossy dielectric. Such problems involve resolution of a dis-
continuous change in material properties at the dielectric–freespace
interface, in addition to resolution of the very thin dielectric layer.
The formulation is direct in the sense that Maxwell’s equations are
solved in freespace, as well as in the dielectric layer, in a unified
framework. The smaller wavelengths in the dielectric layer imply
finer discretization inside the layer compared to that prevailing in
freespace, leading to increased computational costs. This increase
is limited if the dielectric layer is very thin. Direct formulations in
the context of the frequency domain (integral equations formula-
tion) require special treatment to deal with numerical instabilities
incurred while dealing with very thin dielectric layers.8 The alter-
native approach is the approximation of the effect of the dielectric
layer by the so-called impedance boundary condition imposed on
the surface of the scatterer and solution of the associated scattering
problem.

Governing Equations
Maxwell’s curl equations in the differential form incorporat-

ing lossy materials (electric and magnetic) can be expressed
as

∂B
∂t

= −∇ × E − ρH (1)

∂D
∂t

= ∇ × H − Ji − σE (2)

The loss mechanisms are provided by σ , the effective elec-
trical conductivity, and ρ, the equivalent magnetic resistivity.
Also,

D = ε′E (3)

B = µ′H (4)

σ = ωε′′ (5)

ρ = ωµ′′ (6)

where ε′′/ε′ is the electric loss tangent, µ′′/µ′ the magnetic loss
tangent (both zero for perfect dielectrics), and ω the angular
frequency.

Whereas operations are performed in the frequency domain, it
is standard practice to express the permittivity and permeability in
lossy materials as a complex relative permittivity εr and complex
relative permeability µr :

εr = ε′ − jε′′ (7)

µr = µ′ − jµ′′ (8)

Maxwell’s equations can be recast in a conservative total field
form as

ut + f (u)x + g(u)y + h(u)z = s (9)

where

u =




Bx

By

Bz

Dx

Dy

Dz




, f =




0

−Dz/ε
′

Dy/ε
′

0

Bz/µ
′

−By/µ
′




, g =




Dz/ε
′

0

−Dx/ε
′

−Bz/µ
′

0

Bx/µ
′




h =




−Dy/ε
′

Dx/ε
′

0
By/µ

′

−Bx/µ
′

0




, s =




−ρHx

−ρHy

−ρHz

−Jix − σ Ex

−Jiy − σ Ey

−Jiz − σ Ez




(10)

Numerical Technique
Maxwell’s equations in the preceding form are solved by an adap-

tation to the CEM framework of the ENO5,6 scheme originally de-
veloped to solve time-dependent, inviscid compressible fluid flow,
given by the Euler equations of gasdynamics that constitute a system
of hyperbolic conservation laws.

ENO schemes belong to the class of high-resolution numerical
schemes developed to deal with flowfields containing shock waves.
They are able to maintain high-order accuracy in smooth regions of
the flow, as well as to provide for nonoscillatory shocks. The ENO
scheme is able to achieve this dual capacity by employment of an
adaptive stenciling procedure. The adaptive stenciling attempts to
make use of the smoothest possible information in the computation
of the numerical fluxes at the cell interfaces. The points in the stencil
that contribute to the computation of numerical fluxes at cell inter-
faces for the next time step are chosen in a nonlinear manner and
depend on the instantaneous solution. The ENO scheme used here
is the ENO–Roe form,9,10 which is an efficient implementation of
the original ENO methodology and has the ENO construction pro-
cedure based on the numerical fluxes rather than on cell averages of
the state variables.

Consider the one-dimension scalar hyperbolic conservation law

ut + f (u)x = 0 (11)

being solved on an uniform grid. The numerical flux at the right-
hand face of cell j with the r th-order ENO scheme is

f̄ j + 1
2

=
r − 1∑
l = 0

αr
k,l f j − r + 1 + k + l (12)

where αr
k,l are the reconstruction coefficients and k is the stencil

index selected among the r candidate stencils, k = 0, 1, . . . , r − 1.
The stencil Sk can be written as

Sk = (x j + k − r + 1, x j + k − r + 2, . . . , x j + k) (13)

and is locally the smoothest possible stencil.10 This is applied to
the three-dimensional system of Eq. (9) when the system is decou-
pled into six scalar hyperbolic conservation laws normal to the cell
faces.

Scattered Formulation
Equation (9) can be rewritten in operator form

L(u) = s (14)

Through decomposition of the total field into incident and scattered
fields, Eq. (14) is written as

L(ui + us) = si + ss (15)
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For the linear system being solved here, this is written as

L(us) = ss − L(ui ) + si (16)

or as

L(us) = ss + Si (17)

with

Si = −L(ui ) + si (18)

In the scattered field formulation employed here, Eq. (17) is
solved in the whole computational domain consisting of freespace
and the dielectric layer. If the incident field is taken to be a solution
of Maxwell’s equations in freespace, then in the absence of Ji , the
impressed current density vector, the incident field source term Si , is
always zero in freespace. Similarly the scattered field source term ss

is also zero in freespace. Thus, as required, the preceding scattered
field formulation naturally satisfies

L(us) = 0 (19)

in freespace. Both the incident and scattered field source terms are
not zero in the dielectric and depend on the incident and scattered
field, respectively. Thus, the solution in the dielectric is driven by
the source terms (which are zero in freespace) and no boundary
condition needs to be specified at the dielectric–freespace interface.
Only the source terms are required to be added to the formulation in
freespace represented by Eq. (19) while operations are performed
in the dielectric regions.

Numerical Implementation
The system of equations (9) in the conservative form can, thus,

be written in a scattered field formulation as

us
t + f (us)x + g(us)y + h(us)z = ss + Si (20)

where

Si = −ui
t − f (ui )x − g(ui )y − h(ui )z + si (21)

The solution procedure consists of solution of the Maxwell equa-
tions in a scattered field formulation inside the dielectric layer and
in freespace. Through integration of the differential form of the
conservation law represented by Eq. (20) over an arbitrary control
volume V
∂
∫
V us dV
∂t

+
∫
V

∇ · [F(us)] dV

=
∫
V
(ss + si ) dV − ∂

∫
V ui dV
∂t

−
∫
V

∇ · [F(ui )] dV (22)

and application of the divergence theorem, the integral form of the
conservation law is obtained as

∂
∫
V us dV
∂t

+
∮
S

[F(us) + F(ui )] · n̂ dS =
∫
V

(
ss + si − ui

t

)
dV

(23)

It is then used to formulate the problem within the framework of the
finite volume method in the time domain. The three-dimensional
domain is discretized into hexahedral cells, and the integral form
applied to each cell with the state vector defined at cell centers. The
discretized form for the j th cell is

V j

dũs
j

dt
+

M∑
m = 1

(({[F(us) + F(ui )] · n̂S}m

))
j
= V j

(
s̃s

j + s̃i
j − dũi

j

dt

)

(24)

where ũs
j indicates the volume average of us over cell j and

(({[F(us) + F(ui )]·n̂S}m)) j the average flux through face m of cell j .

The ENO scheme in the ENO–Roe form9,10 is used to calculate
the part of the numerical flux function contribution [F(us) · n̂]num

from the scattered field in the spatial discretization for the system of
equations (24). The incident field contribution to the numerical flux
[F(ui ) · n̂]num is calculated from the analytical value of the incident
field at the cell face. The scattered field contribution to the source
term s̃s

j in Eqs. (24) is obtained from the value of the scattered field
at the cell centers at the beginning of the time step. The incident
field contribution to the source term s̃i

j and dũi
j/dt in Eqs. (24) can

be easily obtained analytically from the incident field represent-
ing a continuous wave (and a solution of Maxwell’s equations in
freespace), defined at the cell centers at the beginning and the end
of the time step.

There is no boundary condition to be prescribed at the dielectric–
freespace interface. At the dielectric–freespace interface, the arith-
metic mean of the electric permittivities ε′ and magnetic perme-
abilities µ′ on either side of the interface are used to define the
eigenvectors used in the characteristic decomposition of the fluxes
required in the computation of the numerical flux in the ENO–Roe
formulation.9,10 Advancement in time is through a total variation
diminishing Runge–Kutta time integration,9 and, unless otherwise
mentioned, a second-order spatial and temporal accuracy is chosen
in this present work. Calculations are performed until the solution
reaches a sinusoidal steady state, and the complex field in the fre-
quency domain is computed from the time history of the solution
by the use of a Fourier transform.

Boundary Conditions
For the perfectly conducting surface considered, the total tangen-

tial electric field n̂ × E = 0 on the conducting surface. This condi-
tion is implemented in the scattered field formulation at the perfectly
conducting surface by the use of ghost cells inside the body of the
scatterer. At the surface of the scatterer,

n̂ × Es + n̂ × Ei = 0 (25)

Because the incident field is known analytically, the tangential com-
ponent of the scattered electric field on the surface of the scatterer
(n̂ × Es) can be computed. The values for n̂ × Es for the ghost cells
are extrapolated with this computed value of n̂ × Es on the scatter-
ing surface and the cell-centered values for n̂ × Es above the surface
of the scatterer. The normal component of the scattered electric field
in the ghost cells are taken identical to that above the scatterer to
obtain the complete scattered electric field in the ghost cells. The
scattered magnetic field in these ghost cells are similarly calculated
by the enforcement of n̂ · B = 0 on the perfectly conducting surface.

Standard characteristic boundary conditions are implemented at
the outer boundary with the scattered field variables taken as zero in
the far field. This can be easily implemented at the flux level in the
ENO–Roe formulation9,10 where the ENO construction procedure
is applied to the physical fluxes for the scattered field decomposed
along characteristics normal to a cell face. This condition is imposed
while the numerical flux is calculated for the scattered field along a
particular characteristic direction when the value of the characteris-
tic fluxes for the scattered field is set equal to zero for ghost points
outside the computational domain. These ghost points represent the
far field, and ENO stencils for calculation of the numerical flux
contribution from the scattered field near far-field boundaries would
require values for the characteristic fluxes at such ghost points.

Numerical Examples
Nonlossy Coating

The case considered is that of a perfect electric conductor (PEC)
sphere covered with a nonlossy but discontinuous coating. The elec-
trical size for the PEC sphere is ka2 = 2.6858. The coating is defined
by ka1 = 3.0, ε′ = 3.0 and 4.0, and µ′ = 1.0. The coated sphere is
subject to a continuous harmonic incident wave of wave number
k and wavelength λ(k = 2π/λ). The coating is divided equally be-
tween two permittivities with the illuminated side having ε′ = 3.0.
For this example, t/λ = 0.05, where t is the thickness of the coating
and a1/a2 = 1.117 indicates a fairly thin coating. Figure 1 compares
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Fig. 1 Bistatic RCS: sphere with discontinuous nonlossy coating,
backscatter at 180 deg.

Fig. 2 Monostatic RCS: sphere with lossy coating.

the bistatic radar cross section (RCS) obtained with the present tech-
nique and that from method of moments results in Ref. 11. The
backscatter point is at a viewing angle of 180 deg. The grid used
is an O–O grid with a stretching in the radial direction to cluster
the cells close to the boundary of the scatterer. The discretization is
64 points in the azimuthal, 45 in the radial direction, and 32 in the
one-half elevation, or a 64 × 45 × 32 grid.

Lossy Coating
The first case considered is of a PEC sphere coated with a di-

electric having both electric and magnetic losses. The electrical size
for the PEC sphere is ka2 = 1.5. The lossy coating is described by
εr = 3.0 − j4.0 (ε′ = 3.0 and electrical loss tangent = 4.0/3.0) and
µr = 5.0 − j6.0. Calculations were performed in the region from
t/λ = 10−6 to t/λ = 10−2, and a constant discretization correspond-
ing to 64 × 48 × 32 is used irrespective of the coating thickness.
Figure 2 shows variation of backscatter RCS with log t/λ obtained
from present computations. This is compared with the exact solu-
tion. The agreements tend to be good, especially at relatively lower
values of t/λ.

The second case is of a PEC cone–sphere with vertex angle 90 deg
and sphere diameter 0.955λ. It is covered with a lossy dielectric with
exactly the same permittivity and permeability as in the preceding
case. An O–O grid is generated around the cone–sphere first by
generation of the grid in the elevation plane and then rotation of the
planar grid through 360 deg around the azimuthal. The discretization

Fig. 3 Bistatic RCS E-plane: cone sphere lossy coating, backscatter at
180 deg.

Fig. 4 Bistatic RCS H-plane: cone sphere lossy coating, backscatter
at 180 deg.

is 80 × 40 × 38. The cone–sphere is illuminated with a plane wave
incident at the cone tip, that is, at a viewing angle of 180 deg (the
backscatter point). Bistatic RCS for a coating t/λ = 0.01 is evaluated
with the present technique, and the results compared with that in
Ref. 8 obtained by solution of the integral equations in the frequency
domain. Exact solutions are not available for this case. Figures 3
and 4 show a comparison of bistatic RCS in the E plane and H plane
for t = 0 and t/λ = 0.01. The bistatic plots are in close agreement
at the important monostatic, or backscatter, point, where there is
a significant reduction in RCS due to the lossy dielectric coating.
However, the agreement tends not to be as close around the shadow
region (viewing angle of 0 deg) for the coated case.

Test for Numerical Accuracy
Tests for numerical accuracy are performed for the case of the

PEC sphere with a lossy coating described earlier. The numerical
results obtained are compared with exact values.

The first test concerns order of accuracy, and solutions are ob-
tained with the ENO–Roe scheme of first-, second-, and third-
order spatial accuracy on a fixed discretization of 64 × 48 × 32. The
first-order ENO–Roe scheme is equivalent to a first-order upwind
scheme. Figure 5 shows a comparison of the variation of backscat-
ter RCS with log t/λ for first-, second-, and third-order-accurate
results with exact values. Results obtained from higher-order accu-
rate schemes are consistently much closer to exact values compared



CHATTERJEE AND SHRIMAL 365

Fig. 5 Monostatic RCS of sphere with lossy coating computed with
different orders of accuracy.

Fig. 6 Monostatic RCS of sphere with lossy coating computed for dif-
ferent discretizations.

to that obtained from the first-order accurate scheme, especially as
the thickness of the coating increases. Results obtained with the
third-order accurate scheme are relatively closer to exact values
compared to that from the second-order-accurate scheme, although
this increase in accuracy is relatively less significant compared to
the increase in computational time incurred. This is an important
issue at large electrical sizes.

In the second test, results are obtained on three different dis-
cretizations while the order of accuracy is kept constant. The spa-
tially second-order-accurate scheme is used on discretizations cor-
responding to 32 × 24 × 16, 64 × 48 × 32, and 128 × 96 × 64. The
discretization in the azimuthal and one-half elevation directions re-
sult in a uniform grid on the surface of the PEC body in all three
cases. In this O–O-type discretization, the average resolution in
the dielectric layer, with account taken of the properties of the
medium are 5.5, 11.0, and 22.0 cells per wavelength in the az-
imuthal and one-half elevation directions in the three discretization
levels 32 × 24 × 16, 64 × 48 × 32, and 128 × 96 × 64, respectively.
These would correspond to resolutions of 21, 43, and 85 cells per
wavelength under freespace conditions, respectively. This average
resolution was maintained for the respective discretization levels
irrespective of the thickness of the dielectric layer being solved for.
Because the thickness of the dielectric layer is much less than a
wavelength (t/λ = 10−6–10−2), clustering of cells in the radial or

normal direction, including these in the dielectric layer, was used to
resolve the dielectric layer for computations. The grid was constant
at each discretization level irrespective of the thickness of the di-
electric layer being solved for. Thus, more cells are naturally added
to the dielectric layer as the thickness of the layer increases. The
number of cells in the dielectric layer ranged from 2 at the lowest
value of t/λ computed to 10 at the highest value of t/λ computed.
Figure 6 compares results for the three different discretizations with
exact values. The computed values are again consistently closer
to exact values as the grid is refined, especially at higher values
of t/λ.

Summary
A characteristic-based FVTD technique based on the ENO

methodology is used to solve the Maxwell’s equation in the time do-
main for electromagnetic scattering from perfect conductors coated
with a thin layer of nonlossy or lossy dielectric coating. The solution
is in the context of a direct formulation where Maxwell’s equations
are solved in freespace and in the dielectric layer in an unified frame-
work. Numerical examples involving lossy and nonlossy dielectrics
show good results for very thin coatings. There is theoretically no
restriction in shapes or quality of the dielectric that can be consid-
ered. This formulation is an attractive proposition for consideration
of very thin dielectric layers that might be problematic in some other
formulations, as well as relevant when RAM-coated bodies are con-
sidered, especially at lower electrical sizes. Finer discretization is
required inside the dielectric layer compared to that prevailing in
freespace, leading to increased computational costs. For thicker di-
electric layers, this formulation may not be a good choice because
the computational costs involved in resolving the dielectric layer
adds to the already large computational resource requirement for
FVTD techniques.
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